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Series solution of symmetric dry frictional stick-slip motion
and stick-slip boundary characteristics

QIAN Da-shuai, LIU Zhan-sheng, WANG Le, XIE Liang

(School of Energy Science and Engineering,
Harbin Institute of Technology, Harbin 150001, China)

Abstract: To study frictional vibration problems in arec-engine, piecewise expression of
frictional force in symmetric stick-slip motion was presented. Analytical series solution of
symmetric stick-slip motion with even stops was derived by using harmonic balance method.
Stick-slip boundary function in parameter plane was derived based on the series solution.
Stick-slip response contained only odd harmonic components and super-harmonic resonances
existed at odd fractional frequency ratios. When frequency ratio was less than 0. 4, the
stick-slip boundary curve had the feature of concave-convex alternation and its local mini-
mums located at the super-harmonic resonant {requencies. Increase in viscous damping re-
duced the non-sticking parameter range at most frequency ratio ranges except near super-har-
monic resonant {requencies, where larger viscous damping led to larger non-sticking parame-

ter range.
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Stick-slip response and frictional force curves



40 28

s . 1(i=1,2,,1)
: T.. Ty,
1) H 9 ’
TZZTE/(,U. Tl,.i T;..I\ 1e ’ ]
2) y
Fi =— uNsgn(x) ¢ T...T..) (4
J:(([) :_I([JF%) : ) pIYSERE €l :
7 Xaio
3)
T
Fi(t) == F;(t+
1 o ‘( 2 ) F; = kx,, — Fysin(wt + ¢)
3) . , t € [Ty:sTuii) (5)
) . , [0,T)
, 2r
#N [ - I:T“.l 9T1,,1)
kx,1 — Fosinlwt + @) t € [Ty,sT.2)
/lN t 6 [Ta,r’Tb.r)
kx,, — Fysin(wt + @) t € [Ty, Tori)
-T T
—uN t € *9*+T).
F=) " 2z T (6
—kx, — Fosinlwt +¢) ¢t € _%+Tl,.19%+Ta.z>
_/uN [6 _%+Tar7%+’1‘br>
. -T
—kx,, — Fosinlwt +¢) 1€ ?+Tb,r,T)
(6) ass by bn
- T =0 (9
Tz\l =20 T;\.,»H = ? D) dg
2 a, = 2> a,.,; (10)
i=1
2.1 r
(6) b, =2>b,.; (1D
o i=1
F; =:%?4%A}j[}%cos(ﬂwt)Aanﬂn(nwt)] (10) (11D a,. b, (12) ~
n=1

(8) (15) s 1=1,2,,r.

n=1

kx,.;

ar; = N[sin(wa.,») —sin(wT...) ]+ [sin(wT..i1) — sin(wTy,.) ]+
i

T

FOZOS [cos2wT,.;11) — coswT,.) ] — Fozm [sin(2wT ,i01) — sinQwT.) + 20(Tyi — T0) ]
b1 T

(12)
k]'ﬂ,,'

T

by =— LN[cos(wa,,-) —cos(wT,..) ] — [cos(wT,.;11) — cos(wTy.) ]+
T

POZOS [sin(2wT,.;11) — sin2wTy..) — 2w( T,y — Th.) ]+ P()Z;n [cos2wT,,ix1) — cos2wT ) ]
T

(13



n:39577’“.7

a,.; = nLN[sin(anh_,-) —sin(nwT,.;) ]+ %[sin(ncﬂ““_m ) —sin(nwTy..) ]+
T T

F, Cosga[cos(n + DaT .1 —costn+ DwTy,;  cosn— DawT, i1 —cosn — DT, ]_

27 n-+1 n—1
Fysingrsin(n+ DoT .. —sin(n+ DT\, Jrsin(nfl)cu'l“a,,-ﬂ —sin(n— DwT.; (14)
27 [ n—+1 n—1 }
o LN o kxa.i . .
b, =— . [cos(nwT,.;) — cos(nwT,,)] T[COS(HwTﬂ.m) cos(nwT,.) ]+
i P
Fycosgprsin(n+ DoT iy —sin(n+ DwT,,;  sinln — DT,y —sin(n — DT, 4
27 [ n—+1 n—1 ]
Fisingreos(n+ DT ;11 — cos(n+ DwTy,, _'_Cos(nfl)wTa,,-H —cos(n— DwTy.; 15)
27 [ n—+1 n—1 }
21) ;
oo .
F; = Z [a,cos(nwt) + b,sin(nwt) |
n=1,3, N
(16) 2.3
2.2 , (2D
3r NO) 50;@
Al =a + Fising B, = b + Focosg 2., (G=1,2,,r);0Q
A” = a, B” = /)” n = 3,0,7,°" Ta.i (l - 2’
a7 3,er) ;@
(1) Th_,'(l.:laZv"'ar).
mI +(‘T +k1’ = ID) [:T“,,H ,
foo ;o — .os
2 [A”C()S(nwl‘) +B”Sin(7’la)t)] (18) l“, T, = Xa..; 1 = 1329 o (22)
i=1,3, 3’3‘[71_“.[“ =0 i=1,2,,r (23)
Foo 2) N
x = 2 [g.cos(nwt) + h,sin(nwt) ]
n=1,3, ’ ’
(19 Fysin(wT .01 +¢) +puN
w /m P : (2)
uN ¢ c ) Fysin(wT .., 11 + @) —uN
FQ ’ 2771000 ’ o =7
Sn :7757 (22)’\’ (24) Sr
P — 1—¢& s s 2r
(1 =)+ (2¢8,)”
ZESH
- 2\ 2 2 20 4
Q (1—¢&)° + (2¢¢,)° (20)
(19) 18 '
, (19) ’
e h, s 3

foo

x = 712; . [Mcos(mﬁ) +
QA,+P,B,

. sin(nwz‘)J 2



42

28

A, = pNa,,, +a,,Fysing+a.,F,cosg

) (25
B, = uNby., + b, Fosing+ b, Focose
, ) (26)
Taiis A, ,B, Qows Asns Aens Doys Dy Do,
27~ (38

o Zi [sin(wT\m) —sin(T,.) | sin(wlun) = sin(wa,,)J+
i=1

i=1

s Y
2|:sin(wa,,,) —sin(wT,.,)  sin(wT,, ) — sin(wa,,):| 27)
i T
a, =142 2 [Sm(‘”T“'i“) - Sm(wa.[)COS(wTa., ) —
i=1 T
sin(2wT ,.iv1) — sinQ2wT ;) + 2w (T, ;o0 — Th.0) } (28)
dn
[sm(wTa,,H) — sm(wa,,-)Sin(meﬂ) + cos2wT ,,;11) — cos2wTy,;) } (29)
- In
b =2 i [_ cos(wTy,;) —cos(wT,.;)  cos(wT, 1) — cos(wTy;) }Jr
i=1 T T
2[7 cos(wT,.,) — cos(wT,.,) 4 cos(wT ;1) — cos(wTy,,) } (30)
e T

b =2 Z [7 cos(wT,i11) — COS(wa'i)COS(a)Ta,i+1) i cos(2wT 1) — cOS(Zwa,,-)} 31)
i=1

T dn

T

ba =142 costelum) — ML) G (T, +
i=1

sinZwT,.00) — sinQwTy.,) — 20 (T, 0 — Ty } (32)
dn
n=23,5,7,°,
g, = 2 i [sin(anb,,) —sin(nwT,.;) 4 sin(nwT i) — sin(nwT,,;) ]—0—
> - nw
9 [sin(anl,.,—) —sin(nwT.,,) + sin(noT., 1) —sin(nwT,,,) ] (33
- nm
,, sin(nwT 1) — sin(rwT,.,;) cos(wT . i01) —
nm
L | | | . (34)
=1 |sinln+ Do, 1 —sinln+ DwT,.,  sinln— DaT, 1 —sinn— DTy,
2n(n+ 1) Zrin =)
r sin(nwT .. )n_ Sln(’7wT')")sin(wTa.l+1) +
T
o 22 (35)
| cosnt DT —costnt DaTh:  costn— DaT i — cosn — Dol
2n(n+1) =D
by = 2 i [_ cos(nwT\.;) —cos(nwT, ;) cos(nwT, 1) —cos(nwT,,;) }4—
2. nm e
2[_ cos(nwT,,.,) — cos(nwT,.,) 4 cos(wT,., 1) —cos(nwT,,,) } (36)
- nm
byw = 2 Z [7 cos(nwT,in) — COS(anb’i)cos(wTa.m) +
2. nm
cos(n+ Dol —costrt Dol | costn— DaTar —costn— DaTy, 37

2n(n+1) 2n(n—1) }



43
b — 22 [7 cos(nwT ,i01) — cos(anb_,v)Sin(wTﬂ.iH) +
Py nm
sin(n + DT, ;yy —sin(n+ DwTy,;  sinln— DoT, ;1 —sinln— DaT\ (38)
2n(n+1) 2n(n—1) }
. =T/2 =
(Q.a,o+P,b,.)
T =Tars t=T/2 S ,:277 Quctno 0
kx,, = Fosin(wt + ¢) —uN +oo
5 = n(Q.a, .+ P,b,)
21, fo= 20
40
[—(P,A,—Q,B,)] =— Fy;sinog— uN Feo
nzlz,z;.,~-~ e fs = 2 n(Q.a,.+ P,b,.)
(39) " e
. =T/2 .i=0, 7 o
. s fo— fifo)P i fs — fof O R =
DA, +P,BO]I=0 10 fofs — fof)? (42)
n=1,3,+"
(25) (26 (39)  (40) (42)
JiR+ fysing+ ficosg = 0 (41) ’ Toi Tose
SfiR+ fssing+ fscosgp = 0 T.. T, ’
. 0,
< T.. = Ti1 = T/Z
771 Pu n,0 71[ n, (43)
fl +172( a .o Q D o) lTb,,- _ Ta,,-le P 1,'",7‘
oo
fr=—1+ > (Pa,.—Qb,.) (43) 42) £R
i=1,3,%
+oo
fo= >, (Pua,.—Qb.0) ,
i=1.3.
_ 2 ]2
R., — = - [;] <2P1 D +Q14]Q T b
J— 1 1 n — - ! L — L
[ KZP”+P]+nZn}+[ Q WZH - ZP”}
4 (E >80) 1) R»b:
0.5371.
4.1 —
9 ———— =05
- =10
3 g, rR | == =15
R
. _?_:_«, ,:'-:‘—::':?_:;‘ N
i
’ . ..R
2 4 _
02§
(E < 20) s L Il 1 L
0 20 40 60 80 100
s (&> P HE
10) . [6,9] 2 (0< £ <100)

Fig. 2 Stick-slip boundary curves (0<C £ <(100)



14 28
— =0 _ [P,(P,—DF
08F —==- 7=05 R = 9 P — 1 > (49)
--------- =10 P} + [—72&}
----- (=15 T "
0.6 (47) (49)9 521/371/591/77'“’
;'C_\g Ry —>0 (50)
£ oaf T E=1/3.1/5.1/T. .
A e 0, :
02F T T ; [9] . ,
’:"'/".’:""">"’ ’ ’
=
0 0.4 0.8 g 1.6 2.0 Den Har
AL E
tog
3 oL e<2) [16:17]
Fig. 3 Stick-slip boundary curves (0<C &€ << 2) , (45)
. x(l.ﬂ
, : depr gy —o 51
dg n n
’ . 2
, e=MLZ20 557, (52)
1
' (44)
’ R (8. :
4.2 . (52) £
0 0<< £ <0.2 . ’R..
(0< £=<0.2) dRy _ o d'Ra (53)
. (6 <0.4) de d¢
D) 3 §: O
2D . n . 4 £=0.05
¢
P A - B 2 nA/z PuBn 2
. :\/( A QB QAT ) el
k k
V(P2 + Q) (A2 + BY)
A (45) 012k
L =0, $
=
(20) = 0.08F
1
P,=—" =0
O gy Q, ool
n=1,3,5, (46)
s E=1/i,i=3,5,7,,
0 ;
Pooee m=i “n e
n7i . P, .
Ty oo m=i (48) ' Osé<0.b
£=1/3.1/5. Fig. 4 Stick-slip boundary curves (0<C £ <C 0.4)
1/7’...’ y
(46), (44)

¢>=0.1652 , 4



45

(1]

[2]

(3]

[4]

[5]

[6]

1
£=1/3
Lan s
iy
2) ,
3) ,

Lim Y F,Chen K. Dynamics of dry friction:a numerical in-
vestigation[ ] |. Physical Reviews,1998,58(5) :5637-5642.
Batako A D L, Lalor M J,Piiroinen P T. Numerical bifur-
cation analysis of a friction-driven vibro-impact system[]].
Journal of Sound and Vibration,2007,308(2) :392-404.
Liang J] W,Feeny B F. Wavelet analysis of stick-slip in an
oscillator with dry friction[C] // ASME Design Engineer-
ing Technical Conferences. Boston: ASME,1995:1061-1069.
Luo A C J,Gegg B C. Periodic motions in a periodically
forced oscillator moving on an oscillating belt with dry
friction[ J ]. Journal of Computational and Nonlinear Dy-
namics,2006:206(1) :212-220.

Luo A C J,Gegg B C. Stick and non-stick periodic motions
in periodically forced oscillators with dry friction[J]. Jour-
nal of Sound and Vibration,2006,291(1):132-168.

Hong H K, Liu C S. Non-sticking oscillation formulae for
coulomb friction under harmonic loading [ J]. Journal of

Sound and Vibration,2001,244(5) :883-898.

L7]

[8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Hong H K, Liu C S. Coulomb friction oscillator: modeling
and responses to harmonic loads and base excitations[ ] ].
Journal of Sound and Vibration,2000,229(5) :1171-1192.

[J]. ,2005,18(3) :276-281.
GUO Shugi, YANG Shaopu,GUO Jingbo. Analysis of non-
sticking forced vibrations in a dry friction damper system
[J]. Journal of Vibration Engineering, 2005, 18 (3);276-
281. (in Chinese)

, . [J1.

,2009,28(10) :43-48.

YANG Shaopu,GUO Shugi. Analysis of pure slip motions
of a class of friction oscillator[J]. Journal of Vibration and
Shock,2009,28(10) :43-48. (in Chinese)
Liu C S, Chang W T. Frictional behavior of a belt-driven
and periodically excited oscillator[ J]. Journal of Sound and
Vibration,2002,258(2) :247-268.
Andreaus U, Casini P. Dynamics of friction oscillators ex-
cited by a moving base and/or driving force[ J]. Journal of
Sound and Vibration,2001,245(4) :685-699.
Duan C. Dynamic analysis of dry friction path in a torsional
system[ D]. Columbus; Ohio State University,2004.
Duan C, Singh R. Dynamics of a 3-D of torsional system
with a dry friction controlled path[]]. Journal of Sound
and Vibration,2006,289(3) :657-688.

[Jl. ,2008,25(10) :212-217.
DING Wangcai, ZHANG Yougiang, ZHANG Qingshuang.
Nonlinear dynamic analysis of vibrate system with dry [ric-
tion[ ] ]. Engineering Mechanics, 2008, 25 (10) ; 212-217.

(in Chinese)

[Jl ,2009,28(6) ;111-116.

ZHANG Yougqiang, DING Wangcai. Study on effect of dry
friction on periodic motion of impact vibration system[]].
Journal of Vibration and Shock,2009,28(6).111-116. (in
Chinese)

Den H J P. Forced vibrations with combined coulomb and
viscous friction[]]. Journal of Applied Mechanics.1931,53
(9):107-115.

Stop [Jl. ,2009,28(4) :81-85.
GUO Shugi, YANG Shaopu. 2-Stop stick-slip motion of a
dry friction oscillator under a harmonic excitation of one-
third natural frequency [ J]. Journal of Vibration and
Shock,2009,28(4) :81-85. (in Chinese)



